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Sympathetic cooling and growth of a Bose-Einstein condensate
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We study two sets of rate equations for sympathetic cooling of harmonically trapped Bose gases.
Calculations for mixtures of Na-Rb and Li-Cs show that both sets yield similar results for the cooling
times. The equilibration rates are in fair agreement with each other and differ considerably from
classical rates. The onset of Bose–Einstein condensation is rather sudden and non–exponential in
time, and the growth of the condensate differs for the two different mixtures we studied.
PACS numbers: 05.45.+b, 03.65.Sq, 41.20.Bt, 41.20.Jb
I. INTRODUCTION
The cooling of atoms in traps is an important tool
in the study of ultracold Bose or Fermi gases. Usually,
the last step in the cooling process is evaporative cool-
ing. This technique, however, can only be used for suf-
ficiently strongly interacting gases since thermodynamic
equilibrium of the cooled gas must be (nearly) attained
during the entire cooling process. There is a number of
gases in which the interaction is too weak for evapora-
tive cooling to work. Moreover, because of the exclusion
principle the method fails at low temperature for identi-
cal Fermions with parallel spins [1]. In such cases, one
resorts to “sympathetic cooling”: Another gas is cooled
evaporatively and acts as the cooling agent for the gas to
be cooled.
The method of sympathetic cooling was proposed
almost twenty years ago[2, 3] and has since found
widespread application (see Refs. [4, 5]). Exciting recent
applications include the sympathetic cooling of atoms of
different species: 41K and 87Rb [6], 7Li and 144Cs [7], of
different isotopes of the same species: the bosonic species
85Rb cooled by 87Rb [8] and 6Li Fermions in a bath of 7Li
Bosons [9, 10], and the production of dual Bose–Einstein
condensates (BEC) with sympathetic cooling[11, 12].
Only a few theoretical descriptions of sympathetic cool-
ing exist. The simplest descriptions are purely classi-
cal while more sophisticated employ the quantum Boltz-
mann equation or master equations. Delannoy et al. [12]
and Mosk et al. [13] derived a classical formula for the
time dependence of the temperature and a classical for-
mula for the cooling rate. Geist et al. [14] have formu-
lated sympathetic cooling of Fermi gases in terms of a
quantum Boltzmann equation. The tremendous simpli-
fication of the collision matrix elements achieved in this
way precludes, however, a quantitative description of the
cooling process. Lewenstein et al. [15] derived a master
equation for sympathetic cooling. Unfortunately, that
master equation is too complex to be practically use-
ful. Recently, the present authors simplified this master
equation by means of decoherence and ergodicity argu-
ments [16] and obtained two different sets of rate equa-
tions that both describe sympathetic cooling of Bose or
Fermi gases. These rate equations are simple enough to
permit practical calculations while they contain detailed
information about the quantum scattering processes be-
tween the cooled gas and the bath.
The purpose of this article is twofold. First, we want
to compare the solutions of our rate equations with the
much simpler expression for the classical cooling rate ob-
tained by Delannoy et al. [12] and Mosk al. [13]. Second,
we use the rate equations to study the growth of a Bose–
Einstein condensate for a system of 23Na cooled by 87Rb,
and for 7Li in a bath of 133Cs.
This article is organized as follows. In Section II we
present the rate equations that we use. The results, i.e.
the comparison between quantum and classical cooling
rates and the study of the growth of the condensate, are
presented in Sect. III. Finally we give our summary.
II. RATE EQUATIONS FOR SYMPATHETIC
COOLING
In this Section we present two different sets of rate
equations that are derived in ref. [16]. Both sets of
rate equations have been derived from a master equa-
tion [15] for sympathetic cooling by means of decoherence
and ergodicity arguments. It is assumed that the cool-
ing agent has a considerably larger mass than the gas
to be cooled. The latter consists of NA (very weakly
interacting) bosons in a spherically harmonic trap of
frequency ν. Single-particle trap orbitals have energies
ε~m = h¯ν(mx + my + mz) where ~m = (mx,my,mz) de-
notes the set of Cartesian quantum numbers, and the
single-particle ground state energy is set to zero.
The first set of rate equations describes how the mean
occupation number n~m0 of orbital ~m0 changes due to
interactions with the cooling agent:
d
dt
n~m0(t) = 2
∑
~m( 6=~m0)
Γ~m0, ~m~m,~m0n~m(t) (n~m0(t) + 1)
− 2
∑
~m( 6=~m0)
Γ~m,~m0~m0, ~m (n~m(t) + 1)n~m0(t) . (1)
2The form of these equations is intuitively obvious. Note
that the rate equations (1) are of mean-field type and ne-
glect correlations between occupancies of different single-
particle orbitals. Particle number conservation implies
that this approximation may fail when the occupancy of
the ground state ~m = 0 approaches the total number of
particles in the gas to be cooled. Particular solutions
to these mean-field type rate equations are discussed in
Refs. [17].
The rate coefficients Γ~m,~n~n,~m are input to the rate equa-
tions (1). For the computation of the rate coefficients
Γ we assume that the bath particles are Boltzmann-
distributed. A practical recipe for their computation is
given in Ref.[16]. We express the Γ’s in units of
ω = (32π4)−1Λ3BnB(a/l0)
2[(M +m)2/(Mm)]ν. (2)
Here nB is the density of bath particles, ΛB =
(2πh¯2βB/M)
1/2 their thermal de–Broglie wave length,
βB the inverse temperature, l0 the oscillator length, and
M and m are the mass of the cooling agent and the gas
to be cooled, respectively. The interaction between bath
and system is described in terms of the s-wave scattering
length a.
The second set of rate equations is based on a mi-
crocanonical approach and describes how the probability
pM of having the gas to be cooled at total energy Mh¯ν
changes with time:
dpM
dt
= 2
∑
~m6=~n
Γ~m,~n~n,~m
×
(
pM+α〈n~n[n~m + 1]〉M+α − pM 〈n~n[n~m + 1]〉M
)
.(3)
Here, αh¯ν = ε~n−ε~m is the energy transfer, n~m is the oc-
cupancy of single-particle orbital ~m, and 〈n~n[n~m + 1]〉M
denotes the mean value of n~n[n~m + 1] taken over the
many-body states with fixed energyMh¯ν. They are thus
microcanonical averages of occupancies. It is straight-
forward to check that
∑
M dpM (t)/dt = 0. In Eq. (3),
the pM ’s are the unknowns while the rate coefficients
Γ and the quantities 〈n~n[n~m + 1]〉M are input quanti-
ties defined in the framework of our model. The rate
coefficients are identical to those used in the mean-
field type rate equations (1). To compute the quanti-
ties 〈n~n[n~m + 1]〉M we neglect correlations by putting
〈n~n[n~m + 1]〉M ≈ 〈n~n〉M [〈n~m〉M + 1] and replace the mi-
crocanonical average by the grand canonical average
〈n~m〉M = n~m(z, T )
=
z(E) exp [−ε~m/κT (E)]
1− z(E) exp [−ε~m/κT (E)]
∣∣∣∣
E=Mh¯ν
. (4)
Expressions for the energy-dependent fugacity z(E) and
temperature T (E) can be obtained numerically from
the grand canonical partition function of non-interacting
bosons in a harmonic trap. For details, we refer the
reader to Ref.[16]. Note that the the microcanonical rate
equations are expected to be valid also in the regime of
BEC.
III. RESULTS
We study the cooling process for different tempera-
tures of the bath and for different combinations of bath
and system. The system always consists of NA = 400
Bosons and the harmonic trap is cut off beyond the
single-particle orbitals with energy Kh¯ν, K = 21. In
the microcanonical approach, the homogeneous system
of linear rate equations (3) can be put into matrix form.
For stability reasons, the real parts of the eigenvalues of
this matrix must be zero or negative. The equilibrium
solution is determined by the eigenvalue zero. The equi-
libration rate is given by the modulus of the real part
of the eigenvalue with largest negative real part. The
leading eigenvalues are computed using the sparse ma-
trix solver Arpack [18]. Within our numerical accuracy
we found one zero eigenvalue and no eigenvalues with
positive real parts. The results for the equilibration rate
γeq are listed in Table I. The temperatures are chosen
such that κT = 7h¯ν is close to the critical temperature
while κT = 3h¯ν yields a BEC at the end of the cooling
process (κ denotes Boltzmann’s constant).
We turn to the rate equations (1). We took the Bosons
of the system A to be initially equally distributed over
the degenerate single–particle orbitals with energy Kh¯ν,
all other orbitals being empty. This initial configura-
tion has the highest energy that can be realized in the
finite trap we are considering. While details of the initial
conditions are reflected in the short-time evolution they
cannot affect the long-time behavior and the equilibra-
tion rate. The rate equations (1) need to be modified in
the regime of BEC; we therefore restrict the computation
to the case κT = 7h¯ν. We solve the rate equations nu-
merically and extract the equilibration rate γ˜eq from the
solution at large times. The results are listed in Table I.
Note that the equilibration rates γeq and γ˜eq depend only
very weakly on the composition of system and bath for
κT = 7h¯ν. Comparing the rate γeq obtained in the micro-
canonical approach with the rate γ˜eq from factorization,
we note that the former is about a factor ≈ 1.7 larger
than the latter. The time evolution however shows that
the loss of energy at short times is practically identical
in both approaches. Most of the energy is removed from
system A during the early part of the cooling process.
Therefore, both approaches yield comparable predictions
for the cooling time.
It is difficult to compare our full time dependence with
that of the classical theory [12, 13] since we assumed a
finite trap and, thus, different initial conditions. It is
however meaningful to compare equilibration rates since
these do not depend on initial conditions. In order to
compare the equilibration rates, we have adjusted the
formulas of Ref.[12, 13] to the case of a homogeneous
bath. In Table I, the classical rate γ¯eq (which decreases
quadratically with decreasing temperature) is seen to be
about a factor 2 larger than the quantum–mechanical
rate γeq) below the condensation temperature, and a fac-
tor 1.7 to 3 smaller in the regime of BEC. This casts some
3Bath - System κT/h¯ν γeq/10
4ω γ˜eq/10
4ω γ¯eq/10
4ω
87Rb - 23Na 7.0 2.7 1.6 5.84
87Rb - 23Na 3.0 3.1 − 1.07
133Cs - 7Li 7.0 2.5 1.7 4.97
133Cs - 7Li 3.0 1.66 − 0.913
TABLE I:
Comparison of quantum–mechanical equilibration rates γeq (obtained from the solution of Eq.(3)) and γ˜eq (obtained from the
solution of Eq. (1)) with the classical rate γ¯eq for several systems and temperatures. The critical temperature for onset of
BEC is just below κT/h¯ν = 7. The classical equilibration rates differ considerably from the quantum mechanical rates.
doubt on the possibility to describe sympathetic cooling
in terms of the much simpler classical theory.
It is particularly interesting to study the growth of a
BEC. As pointed out above, the rate equations (1) can-
not be used in this regime. We chose 1κT = 3h¯ν and
followed the time evolution of the total energy E(t) =
h¯ν
∑
M MpM (t) by solving the rate equations (3) nu-
merically. As initial conditions we took pKNA = 1 and
pM = 0 for M < KNA. This is the configuration with
highest energy that might be realized in the open trap.
Using the grand canonical partition function, we obtain
the time-dependent temperature T (E) for the system,
and the time-dependent ground state occupation number
n0 from Eq.(4). Fig. 1 shows the result for two different
systems. Note that the BEC grows faster in the Rb-Na
system, which also has the larger equilibration rate [in
units of ω, see eq. (2)]. The reason for this behavior is
not easy to understand: Table I shows that equilibra-
tion rates for both systems are quite similar at temper-
ature κT/h¯ν = 7 while they differ considerably below
the critical temperature. Note that a naive (and classi-
cal) explanation would link the difference in rates to the
smaller momentum transfer during Li-Cs collisions and
thereby to the larger mass difference. Our quantum me-
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FIG. 1: Relative ground–state occupation as function of time
for Li in Cs bath (full line) and Na in Rb bath (dashed line)
at temperature κT = 3h¯ν.
chanical results show that the situation is more complex.
The onset of BEC is rather sudden and non-exponential
while the long time evolution is exponential. Qualita-
tively similar observations have been made in numerical
simulations of evaporative cooling [19, 20, 21]. One does
not obtain 100% BEC since the final temperature is only
about half the condensation temperature and the system
is not of macroscopic size.
IV. SUMMARY
In summary, we have used two sets of rate equations
to describe sympathetic cooling of Bose gases by a much
heavier gas. Practical calculations in the systems 23Na-
87Rb and 7Li-133Cs show that the cooling times from
both rate equations agree well with each other. Our
quantum–mechanical equilibration rates are in fair agree-
ment with each other but differ considerably from the
classical rates. This is unfortunate since the classical ap-
proach is much simpler than the quantum–mechanical de-
scription presented in this work. We studied the growth
of the Bose-Einstein condensate and found that the con-
densate in the system 23Na-87Rb grows faster than in
7Li-133Cs. At the onset of Bose–Einstein condensation
we observe a rather sudden and non–exponential growth
of the condensate.
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